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Space-Time Block Code Designs Based on Quadratic
Field Extension for Two-Transmitter Antennas

Genyuan Wang, Jian-Kang Zhang, Senior Member, IEEE, and Moeness Amin, Fellow, IEEE

Abstract—Space-time block code designs based on algebraic
field extension for full rate, large diversity product, and nonva-
nishing minimum determinant of codewords have received great
attention. There are many different types of codes available for
two-transmitter antennas, such as cyclotomic space-time block
codes, the golden space-time block code, and rotation-based
space-time block codes. In this paper, a more general space-time
block code design scheme, which is called quadratic space-time
block coding, is proposed for the two-transmitter antennas using
quadratic field extension. The optimal design of the quadratic
space-time block codes in terms of a diversity product criterion is
also presented. It is shown that the optimal quadratic space-time
block codes designed in this paper do not belong to the existing
space-time block code family such as the cyclotomic, golden, and
rotation-based space-time block codes. The simulation results
demonstrate that the average codeword error rate of the optimal
quadratic space-time block code attains about 0.5 dB signal to
noise ratio gain over those of the optimal cyclotomic and golden
space-time block codes.

Index Terms—Algebraic number theory, diversity product, full-
rate, lattices, multilayer space-time block codes, quadratic field ex-
tensions.

1. INTRODUCTION

INEAR space-time block code designs based on algebraic

field extensions have recently attracted great attention, see
for example [1]-[12], due to the possibility of systematic con-
structions of full diversity and high data rate codes. In [6], a full
diversity space-time block code for two transmitters was pro-
posed, where the symbol rate reaches two per channel use. By
employing algebraic number theory and the threaded/multilayer
code structure [14], more general full diversity, high symbol
rate space-time block code designs were proposed in [4], [6],
[7], [10], and [11]. Within the same time frame, another type
of full diversity, high rate space-time block code was developed
in [9] based on cyclic field extension and division algebras. In
the early studies of this topic, the structures of code designs
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with high (full) rate and full diversity received more attention
than the high diversity product. In most of the codes provided
in these studies, the minimal determinant of nonzero codewords,
which is the minimal determinant of the difference between any
two distinct codewords, vanishes as the symbol constellation
size increases. Therefore, other space-time block codes with full
symbol rate and high diversity product have been recently devel-
oped [17]-[20]. These codes not only have high diversity prod-
ucts, but also have nonvanishing determinant property, i.e., the
minimum determinant does not decrease with the symbol con-
stellation size increasing. In this paper, a new systematic space-
time block code design, which is called a quadratic space-time
block code design, with full diversity, full rate, and nonvan-
ishing determinant for the two-transmitter antennas is proposed.
The optimal codewords of the quadratic space-time block code
are also obtained. The quadratic space-time block code design
scheme is a generalization of those in [17]-[20]. It is shown that
the optimal codewords with the improved diversity product are
not included in the class of codes proposed in [17]-[20].

This paper is organized as follows. In Section II, the
space-time block code design scheme based on quadratic field
extension is proposed. In Section III, the optimal single-layer
quadratic space-time block codes are presented. The optimal
full-rate quadratic space-time block codes are discussed in
Section IV. Simulation results are provided in Section V.

The following notations are used throughout this paper: cap-
ital English letters, such as X and G, represent space-time code-
word or matrix. N denotes natural numbers; Z denotes a ring of
integers; Q denotes a field of rational numbers; C denotes a field
of complex numbers; (,,, = exp (Z%) K and F denote general
fields; F () denotes a field generated by 3 and field F. Nota-
tion X (K/F, 31, B2, p) denotes a space-time block code gener-
ated with quadratic field extension (IK/F, 31), where (3 is one
of the roots of some minimal quadratic polynomial over F and
p € (K/F, 31) with p? being an integer of field F.

II. QUADRATIC SPACE-TIME BLOCK CODE DESIGNS

First, we give a scheme for the systematic design of a space-
time block code using quadratic field extensions. Let F be a
field. 2 + pz + ¢ is an irreducible polynomial over F with
algebraic integers p and ¢. Polynomial 22 + pr + ¢ has two
roots:
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Let K = F(ay) be the field generated by F and «;. Then, the
dimension of K over F is 2, ie., [K : F] = 2. {1l,a1} isa
basis of KK over F. K is called a quadratic extension of F. Let
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ok, k = 1,2 be the two embeddings of IK to C such that they
are fixed on F, i.e., ox(y) = y, forany y € F and 01(a1) =
a1, oa(a1) = ao. Now, we are ready to define a quadratic
space-time block code.

Definition 1: A quadratic space-time block code
X (F, a1, as, p) based on an irreducible quadratic polynomial
2% 4+ px 4 q over field F is a set of matrices X having the
form of

= [ o] @
where
RN
yk(2) 1 az||z1(2)
with p2, xx(1), 2x(2), k = 1,2, being integers of F and a1,

ay being the two roots of polynomial z2 4+ pz + ¢ given in
(1). Particularly, when p = 0, it is called a single-layer code,
otherwise, it is called a two-layer or full-rate code. |

From the definition of quadratic space-time block codes,
it can be cast as a generalization of the 2 x 2 cyclotomic
space-time block codes [10], [12], [18], [20], the golden
space-time block code [19], and the rotation-based space-time
block code [17]. In order to design a space-time block
code with a large diversity product and nonvanishing de-
terminant, we focus on a quadratic space-time block code
design that either F = Q({3) = Q({) or F = Q((4),
and p?, 7.(1), zx(2), ¥ = 1,2 in (3) belong to either
Z[¢3] = Z|¢g] or Z[C4]. Usually, Z[(4] is called a Gaussian in-
teger ring, whereas Z[(3] = Z[(¢] is called an Eisenstein integer
ring. Correspondingly, the quadratic space-time block code
with F = Q((4) is called a Gaussian quadratic space-time block
code, which is denoted by X (Q((4), 1, s, p), whereas the
quadratic space-time block code with F = Q((3) = Q({s) is
called an Eisenstein quadratic space-time block code, denoted
by X(Q((3), a1, a2, p)(X(Q(), a1, as,p)). Definition 1
shows that a single-layer quadratic space-time block code is a
lattice code over Z[(3] or Z[(4], with the generating matrix of
the complex lattice being

_ 1 (05]
G L } 4

a2

whereas a two-layer quadratic space-time block code is a lattice
code over either Z[(3] x Z[(3] or Z[4] X Z[(4], with the gener-
ating matrix of the complex lattice given by

1 a1 0 0
_ 1 (D)) 0 0
“=10 0 p s ®)
0 0 p paz

Therefore, the absolute value | det(G)| of the generating matrix
Gis| det(@)] = |p2ED]ay —ap|F = [o[2E=D]/p? — 4q|"
for the L(L = 1,2) layer quadratic space-time block code. The
following lemma [20] gives a diversity product criterion to com-
pare two quadratic space-time block codes.

Lemma 1: Let X(Q(Cm,)s b1, P2,01) and
X(Q(C’mz)7717727p2) be two L (L = 1, or
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L = 2) layer quadratic space-time block codes
over  Z[(m,] and  Z[(n,],  respectively.  Then,
X(Q(Cm,), P, B2, p1) is better than X (Q(Cms)s 11,72, p2) if
dmin( ( (le) b1, B2, pl)) = dmin(X(Q(Cm2)7717727p2))
and
pr V11— ol det(A,,, I
<AV = ol det(Ac,, )1

wheredin (X (Q((m), a1, az, P))minXeX(Q(Cm),m,az,p),X;éo|
det(X)|, det(A¢,) = det(Ag,) = %2 and det(A¢,) = 1 and
we make a convention that 0° = 1. |

The following two consequences can be obtained immedi-
ately from Lemma 1.

1) If X(Q(¢4),P1,02,p) is a quadratic space- time block
code, then X (Q(Ca), B1Ck, BaCk, p) for k =
also a quadratic space-time block code w1th the same
diversity product as that of X (Q(¢4), 81,82, p1)-

2) If X(Q((3),01,02,p) is a quadratic space-time block
code, then X (Q((3),41CE, BoCl, p) for k = 1,...,6is
also a quadratic space-time block code with the same
diversity product as that of X (Q((3), 81, B2, p).

Therefore, in this paper, we only consider one of the afore-
mentioned code structures for the design of optimal quadratic
space-time block codes.

Lemma 2: For any L (L = 1 or L = 2) layer quadratic
space-time block code X (Q((m), a1, a2,p) with m = 3 or
m = 4, the following two statements are true.

D) dmin(X(Q(¢m ), 1, 2,0) = 1if L = 1.

2) dumnin(X(Q(Cm), 1, a2, p) = 1if p2 € Z[¢m] and L = 2.

]

Proof: By Definition 1, we know that for any quadratic
space-time block code X (Q((n), a1, a2, p), there is an irre-
ducible polynomial 2 4 px + q over Q((,,) with roots «; and
a. Therefore, Q((m, 1) is a 2-D field extension of Q((, ), i.e
[Q(Cny 1) : Q)] = 2, {1, 1 } is abasis of Q((m, 1) over
Q((m)- There are two embeddings o1 and o2 of Q((,n, 1) to
C such that o1 and o are fixed in Q((,n), 1.e., o (z) = x, k =
1,2, forz € Q((n), and 1(1) = a1, o2(ar) = as.

Let us first consider the case when L = 1. Notice
that the codeword matrix X in the single-layer quadratic
space-time block code X (Q((m), a1, s, Or has the form of

X - [yl(l) 02)] where [yl(l)] = } Zj [Zg;]

0w y1(2)
with z1(1), z1(2) € Z[(,,]. Therefore, we have
det(X) =y1(1)y1(2) = o1(x1)o2(21)

= NQ(Cmyal)/Q(Cm)(xl) (6)

where z1 =  21(1) + z1(2)ax €  Z[{m, 1] and
N@ (¢ ,a1)/Q(¢) (1) is the relative algebraic norm of z; in
the field Q((m, 1) over field Q((,,). From [1], [12], and
[26], we know that det(X) € Z[(,,] form = 3 or m = 4 and
det(X) ;ﬁ 0if X 75 0, i.e., dmin(X(Q(Qm)7a1,a270) = 1.
This completes the proof of Statement 1 in Lemma 2.

Now, let us consider the case when L = 2. In
this case, the codeword of X(Q((n),a1,as,p)
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yi(1) pyz(l)}
has the form of X = , where
{Pyz(Z) y1(2)

[528” = [ ] ? ;;] with z5(1),22(2) € Z[(n).
)

2(
Then, We obtain det(X = yn(Dy1(2) — pPya(1)ya(2).

Since p*> € Z[¢m]. v1(1)y1(2) = Ngc,,a1)/@ecn) (1) €

Z[Gn], y2(Dy2(2) = N, an/@c.)(@2) € Z[Gn]
with ;7 = 21(1) + 21(2)as €  Z[(n, 1] and
2 = 22(1) + 22(2)1 € Z[(m, 1], we have

det(X) € Z[(m). @)

Since p? is not an algebraic norm of @Q((,,, 1) over Q((,)
if either z;1 # 0 or x5 # 0, we arrive at the fact that

NQ(Cm01)/@Cm) (1) 7 PPNQ(Cn 00)/@(Cm) (2), L€,
det(X) £0, if X #0. 8)

Combining (8) and (7), then for either » = 3 or
m = 4,and X # 0, we attain |det(X)| > 1, ie
Ainin (X (Q(¢m), 1, a2, p) = 1. This completes the proof of
Statement 2, and, thus, of Lemma 2. O

Notice: If X (F, a1, as,p) is a quadratic space-time block
code based on an irreducible polynomial 22 + pz + ¢
over field F, then we have another space-time block
code X(F,o1,a,p) in which the codeword has the

orm of X 2(l) - pz(l) where ar(1)

f F X pz2(2)  21(2) } " [Zk@)}

[061 Qg xk(l) , with xk(l),wk(Q) k = 1,2 are in-
Qo Qg xk(2)

tegers of F. When F = Q((n),m = 3 orm = 4, fol-
lowing the discussion similar to the proof for the quadratic
space-time block code X (F,aq,@s,p), we can prove that
det(X) € Z[¢n). In addition, when p? is not a relative
algebraic norm of F(a;) over F, we have det(X) # 0.
If we let z1(1) = z1(2) = 1l,z9(1) = z2(2) = 0,
then we obtain det(X) = (a1 — az)? = p?. Therefore,
dmin(f(([F, a1,a9,p) < |p|?. Since the generating matrix of
the two-layer code X([F, ay, g, p) is

q (0] 0 0

N Qo (1 0 0
G= 0 0 par pas ®)

0 0 pax pay
we attain det(G) = p*(ad — ad)?=  p*ar —
@)?(a; + a2)? = p*(ar — a2)?p? and as a re-

Aunin (X (Q(Cm),1,02,p)) < P =
det(G) det (A, )2 = p2 (a1 —a2)2p? det(A,,)2

1 _ dmin (X (Q(Cm),1,02,p))
a1 —as)2 det(Am)2 det(C) dettanyz - From Lemma

1 and [20], we know that the code X(Q(Cm),al,ag,p))
is not superior to the quadratic space-time block code
X(Q(Gm ), @1, aa, p)). Therefore, in this paper, we focus on the
quadratic space-time block code design X (Q (), @1, @2, p)).

Theorem 1: Let F = Q((3) or F = @Q(¢4) and p? be an
algebraic integer of F. If we let X (F, a1, as, p) be a quadratic
space-time block code based on an irreducible polynomial 22 +
px + q over [, then for any algebraic integer po of I, quadratic
space-time block code X (F, a1 + pg, as + po, p) has the same
diversity product as that of X (F, aq, o, p). |

sult,
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Proof: Let a1 and a2 be the two roots of minimal polyno-
mial 22 + px + g of field F. Then, ay + pg and as + pg are the
two roots of polynomial (z — a3 — po)(z — a2 — pg). Since
(z—w1=po)(x—z2—po)= 2*+(p—2po)a+(q—pop+pj) with
p — 2po and q — pop + p3 being integers of F, and x1 + po ¢ F
and z2 + po ¢ F, the polynomial (z — 21 — po)(z — 22 — po)
is a minimal polynomial of F. Therefore, {17 o + po} is a
base of field F(a; + po) over F. Since oy € F(a1 + po)
and a1 + p9 € F(ay), we have F(ay) = F(a1 + po).
Therefore, p? is an algebraic norm of F(a;) over F if and
only if it is an algebraic norm of F(«a; + po) over F. From
Lemma 2 and [18], we know that dy,in (X (F(a1), a1, @z, p)=
Anin (X (F (a1 +po), 1 +po, aa+po, p) = 1if p? is not an alge-
braic norm of F(«; ) over F and that dy,in (X (F (1), a1, as, p)
= dmin(X(F(oq 4 po), a1 + po, @2 + po. p) = 0if p? is an
algebraic norm of F(ay) over F. In addition, the generating
matrices of X (F, a1, as,p) and X(F,a; + po, a2 + po, p)
are diag(Gi,pG1) and diag(Ga, pG2), respectively, with

1 a1 1 1 + Po
G1 = 1 s and G2 = 1 052—|-p0
have det(G1) = det(G2). Using Lemma 1, we know that the
quadratic space-time block code X (F, a1 + po, @2 + po, p)
has the same diversity product as that of X (F, a1, as, p). This
completes the proof of Theorem 1. O

. Therefore, we

III. OPTIMAL SINGLE-LAYER QUADRATIC
SPACE-TIME BLOCK CODES

In this section, we consider the design of the optimal
single-layer space-time block codes over Gaussian and Eisen-
stein rings.

Theorem 2: X (Q(@), _,;42_\/37 _7;‘/5,0) is the optimal

single-layer Gaussian quadratic space-time block code with
minimal determinant 1. ]

Proof: We first note that oy = %‘/5 and apy = _1_T¢§
are the two roots of quadratic polynomial z2? + iz — 1 over
Q(&y). Since aj,as ¢ Q(C4), 2% + iz — 1 is irreducible
over Q((4). Therefore, @({y, 1) is a 2-D field extension over
Q(¢4), 2% + iz — 1 is the minimal polynomial of ay, and
{1, a1} is a basis of Q((4, 1) over Q((4). Let oy and o3 are
the two embeddings of Q(({y, ;) that is fixed on Q((4) and
o1(a1) = a1, o3(a1) = asz. The codeword of the single-layer

quadratic space-time block code X (Q((4), %ﬁ _Z_T‘/g 0)
has the form of X = diag(yi,y2), where Zl =
2

1 (073 €T .
[1 a;] [a:j with ©1, 2 € Z[(4]. Then, det(X) =

Y1Y2 = NQ(QJM)/Q(Q)(xl + :CQ(Ml) € Q[C4] From Lemma
2, X (Q(<4)7 _“2'\/37 %\/?0 is a single-layer quadratic
space-time block code with minimal determinant 1.

In the following, we prove
X(Q(Q)?%‘/ﬁ?%ﬁﬁ) is the optimal
Gaussian quadratic

that
single-layer
space-time block code. We know
from Lemma 2 that the minimal determinant of
any single-layer Gaussian quadratic space-time code
is 1. Combining this with Lemma 1, we only need to
prove that for any quadratic space-time block code
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X(Q(¢4),01,02,0) Dbased on quadratic polynomial
2+ pr+q, |01~ fo| > oy —ag|= [ 752 - =03 = /3,
To this end, by Theorem 1 we can always assume that
p € Z[C4] and |p| < 2 without loss of generality. Since (31 and
B2 are two roots of the irreducible quadratic polynomial
22 4 px + q over Q(¢y) with p,q € Z[¢4] and |p| < 2, we
have 81 — B2 = /p? —4q with p € Z[(4] and |p| < 2.
Notice that constraints p € Z[(4] and |p| < 2 can be
simplified into p € {0, +1, 44, +1 £+ z} Therefore, we
consider the following two cases.
Casel.p € {0 +1, :l:i} In this case, if ¢ # 0, then we
have |3, ~ Bal? = [p? — dq| > 4lq| — Ip|* > 3.1 q = 0,
then 22 + px + ¢ = 22 + px is reducible in Q((4), which
is impossible.
Case2.p € {:I: lj:z'}. This case is equivalent to p? = 42i.
In addition, since p, g € Z[(4,], we obtain p? —4q € Z[(4].
Suppose that [p? —4q| < 3. Then, |p?—4q| = |£2i—4q| <
2 for ¢ € Z[i], which is equivalent to the fact that ¢ = 0 or
p? = 2i and ¢ = i or p> = —2i and ¢ = —i. This leads us
to consider the following three subsituations.
1) ¢ = 0. Then, 22 + pz + g = 2% + pax is reducible in
Q(¢4), which is impossible.
2) p? =2iand ¢ = 4. Then, p = (1 +4) and p? — 4q =
—2i = (1 — )% Therefore, B; = —2F V2p2_4q =

1+L)+\/ﬁ € Q(¢) and B, = VP ';274(1

1+L) V1=t ¢ @(Cy). This means that 22 + pz +q =
(z — ﬂl)(a: — () is reducible in Q((y), which is im-
possible either.
3) p? = —2iand ¢ = —i. In this case, we have p? —4q =
2 = (1+14)% and as a result, f; = —LVP 21 VPt

S
2
Q(G) and By = TVETM ¢ Q((y), e, o +

pr 4+ q = (z — p1)(z — o) is reducible in Q((4).
This contradicts with the stated assumption.
Summarizing all the aforementioned discussions yields
|31 — B2 > /3. Therefore, X(Q((4), %‘/3 %ﬁ,ﬂ) is
the optimal single-layer Gaussian quadratic space-time block
code with minimal determinant 1. This completes the proof of
Theorem 2. |
It is important to note that the code
X(Q(&), _L+‘/§ —t= f ,0) proposed in [12] is a
cyclotomic space tlme block code.

Theorem 3: X (Q((3), C3+V Shid _2" <§+4,0) is the

optimal single-layer Elsenstem quadrat1c space-time block
code with minimal determinant 1. ]

Proof: Since /(3 +4 ¢ Q(¢3), polynomial
(x_ —<3+\2/<§+4 _ —Cs—\2/4§+4> 241
is an irreducible polynomial over Q((3). Therefore,

is a single-layer

=G/ GG+
X<Q(<3)7 Cs 243 G 243 0

quadratic space-time block code over Z[(3]. We know from
Lemma 2 that the minimal determinant of any single-layer
quadratic space-time code over Q((3) is 1. In addition,
Lemmas 1 and 2, and Theorem 1 together imply that to prove

— /c2 Y )
the optimality of X(Q(Cg), <3+263+47 s 2<3+470),
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we only need to prove that for any quadratic minimal
polynomial z? + px + ¢ with p, ¢ € Z[G], |p| < 2, its
two roots 1 and [ satisfy |1 — (2| = +/p>—4q >
|_<3+2" Gt _<3_2<§+4| = |y/¢3 +4|. Suppose that

s | 2 "4g < |2 + 4] In

the following, we prove that polynomial z? 4+ pxz + ¢ is
reducible in Q((3). Since p € Z[(3] and |p| < 2, we have
p € {0,exp(i2k/6),V/3iexp(i2kr /6),k = 1,...,6}. Asare-
sult, p* € {0, exp(i2km/3), —3exp(i2kn/3),k = 1,...,3}.
Therefore, we consider the following five case.

1) p = 0. In this case, when q # 0, |p? — 4q| = 4|q| > 4 >
|C2 +4]. Therefore, |p? —4q| < |¢2 +4] implies that ¢ = 0.
When ¢ = 0, we have 22 +pz +¢ = 22, which is reducible
in Q(Cs).

2) p? = 1. Then, |p? — 4q| = |1 — 4q| < |¢3 + 4| implies
that either g = lor¢ = 0.If ¢ = 0, then 2% — pz + ¢ =

2 — px is reducible in Q((3). If ¢ = 1, then we obtain
—rE 5 Pt ili‘/gb € Q((3), and thus, 7% + pz + q is

also reduc:lble in Q(Cg,)

3) p? = exp(i2n/3) or p> = exp(idr/3). Following the
same discussion as Case 2, we can prove that 22 —px4q =
22 — pa is reducible in @((3) in this case.

4) p? = —3. In this situation, p = +v/34. If |p? — 4¢| = |3 +
4q| < |¢3 + 4], then ¢ = —1, and p? — 4q = 1. Therefore,

fpi\/p —4a _ :I:\/;zzl:l € Q(¢3), i.e., polynomial 2 +

px + q =22+ V3iz -1 1s reducible in Q((s).

5) p? = —3exp(i2r/3) or p> = —3exp(idn/3). Similar
to the discussion of Case 4, we can arrive at the fact that
polynomial z2 + pz 4+ q = z2 £ v/3iz — 1 is also reducible
in Q((3).

From the above discussions we reach the conclusion that if |p* —
4q| < |¢3+4], then polynomial 2% +px+q is reducible in Q((3).
This completes the proof of Theorem 3. ]

from Theorem 3 that since

We can observe I

|_CS+ V<~7’—|—4| # 1 and |_CS% VC3+4| # 1, the optimal
— /2 —Ca—r/C2

code X(Q((3), <3+2<3+4, G 2<3+470) is not a cy-

clotomic space-time block code. Therefore, the optimal

single-layer quadratic space-time time code does not belong
to the cycloctomic code family. In addition, by Lemma 1,

— /2. )
we know that X(Q((3), s 2<3+47 s 2<3+4,0) has better

performance than X (Q((4), #‘5’, _,;_T\/§7 0) in terms of the
diversity product criterion. Therefore, we have the following
theorem.

Theorem 4: Among all the single-layer Gaussian

and Eisenstein quadratic space-time block codes,
_ /2 o/ 2

X(Q(¢3), <3+2 C3+4, < 5 5 +4,0) is the optimal

single-layer quadratic space-time block code with minimal
determinant 1. ]

IV. OPTIMAL FULL-RATE QUADRATIC
SPACE-TIME BLOCK CODES

The primary purpose of this section is to design the optimal
full-rate and nonvanishing quadratic space-time block codes
with large diversity products for two-transmitter antennas.
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Theorem 5: X (Q(§4) ==V3 _”"/_ ANV + L) is the op-

timal full-rate Gaussian quadratlc space -time block code with
minimal determinant 1. |

To prove Theorem 5, we first establish the following Propo-
sition.

Proposition 1: The complex number 1 4 ¢ is not a relative
algebraic norm of any element in Q((y, z‘+2\/§ )over @((y). M

Proof: Suppose that there exist z = z1+zaa1 € Z[(4, 1]
andy = y1 + ypaz € Z[(4,an] with @k, yp € Z[C], k =
1,2, a; = % such that

Na o /@) (@) = (1 +)Ng( an/aeo ). (10)
Since a1 = (12, Q(C4, 1) = Q(C12), we know that {1, (32} is
a basis of Q((12) over Q((4). Hence, any element x in Z[(12]
can be expressed by © = 1 + x2(12 with x1,z9 € Z[(4].
From the definition of the relative algebraic norm, we have
Na(ci.)/@c () = o1(x)oa(x), where o1 and oy are the
embedding of Q((12) to C with o1(2) = o2(2) = z for any
z € Q(<4) and 01(<12) = 6127 0'2(612) = C152 Therefore, it
can be verified by calculation that

N@(cis)/Qca) () = o1(w)oa(x) = 2 — a2 4 ixymy. (11)
Similarly, for any y € Z[(12] withy = y1 + y2(12 and y1, 92 €
Z[C4], we have
(12)

Nac)/ee) ) = 43 — v5 + i1y

Since (14 7)Z[(4] is an ideal of ring Z[(4], there is an integer [,
such that

(13)

lo lo
-1 -1
TR = E P xpy and yp = § P Yk
=1 =1

for k¥ = 1,2, where p =

{0,exp(j2pr/4),p =
with (13) yields

1 + 4, and @y, y; €
.,4}. Combining (10)--(12)

517%,1 — xé,l +1%1,122,1

=p (47 — 95 +iv1ye) — p(pT] ) — pZ3 1 +ipT11%21)

—2p(x1,1%1,1 — @21T2,1) — ip(w1,1T2,1 + T2,171,1)
(14)

where T 1 = 25022 pl’thl € Z[(4], k =1, 2. Since the term
on the right-hand side of (14) belongs to pZ[(4], the term on the
left-hand side of (14) also belongs to pZ[(4], i.e.,
.17%’1 — .17%71 + ’L'£171,1.172’1 € pZ[<4]. (15)
After examining (15) with 211,221 € {O,exp(i2p7r/4),p =
.,4}, we find that (15) holds only when 1,1 = 21 = 0.
In this case, (14) becomes
(16)

Yi — i+ iyiys — P(i’h - 53,1 +i%1172,1) =0
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i.e.,

Yi1 — Ysa +iyy2a
=p (3_7%1 - 57%,1 +i%11%2,1)
2 _2 .
—p {P(ym — Y1)+ Z/)301,1$2,1}
—2p(y1,1911 — Y2,192.1 + W1,192.1 + 1Y2,191.1)

where yi, 1 = Z;OZQ p'~2yr1 € Z[(s), k = 1,2. Following the
discussion much similar to the proof for x; 1 and x5 ; in (15),
we can attain ;1 = y2,1 = 0. Continue this procedure until
T11, = X2,y = 0 and Y1l = Y2,10 = 0. Finally, we obtain
x = y = 0. This completes the proof of Proposition 1. O

Proof of Theorem 5: First, we know from Proposition
1 and Lemma 2 that X (Q((y), =52, _L+‘/_ ,V1+1) is a
full-rate quadratic space-time block code w1th determinant
1. In the following, we prove the optimality of the code
X (@), =572, =l VT i)
Gaussian quadratic space-time block codes. To this end, we
only need to prove that for any two-layer Gaussian quadratic
space-time code X(Q(C4),B1,2,p) with p? € Z[¢4] and
dmin > 1, we have | det(G)p| > V3\/[1 + 1], where

~ 1 f
G= .
i 5]
To proceed, let us consider a quadratic polynomial 22 + px + ¢
with p,q € Z[(4]. By Theorem 1, we can always assume that
lp| < 2,ie.,p € {0,£1,+i,+1+i} without loss of generality.

Suppose that there exists a two-layer quadratic space-time block
code with minimal determinant 1 based on %2+ px + ¢ such that

(@)p| < V3|1 + 1]

where G is defined in (17) and f31, (32 are the two roots of poly-
nomial 22 + pz + q. Since det(G) = B2 — (31, inequality (18)
is equivalent to

181 = Ba|*|p?] = |p”

among all the full-rate

a7)

| det (18)

—4q||p? < 3]1 +i] =3V2.  (19)
From the proof of Theorem 2, we can observe that when | p? —
4q| < 3, the polynomial 2 + px + ¢ is reducible in Q((4). As
a consequence, it cannot be used to generate a quadratic space-
time block code. Therefore, we only need to consider the case
when |p? — 4q| > 3. In this case, since p> € Z[(4],p # 0, and
p? — 4q € Z[(4], we have |p| > 1, and thus, inequality (19)
implies

(Ip* - 44l 10%]) € {(3,1), (4, 1)}

This leads us to consider the following two situations.
1) |p? —4q| = 3 and |p?| = 1. From |p?| = 1 and p? € Z[¢4],
we can derive that p® = {j: 1, j:L} In addition, |p%—4q| =
3 with p, ¢ € Z[{4] and |p| < 2 implies that

(20)

(p,q) € {(£1,1),(+i,-1)}
and thus

(p, VP2 — 4q) € {(£1,V3i), (£i,V3)}.
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Therefore, either the field Q((4, 1) =
—pt\/p2— i
Q(C@pfp@) = Q(§47—1i§/§) or
Q1) = Q(G, EY3). However, in this case,

it can be directly verified that p? € { + 1,+i} is an
algebraic norm of Q((4, 1) over Q((4), which means
that the minimal determinant of X (Q((4), 81, B2, p) is O.
2) |p* — 4q| = 4 and |p?| = 1. In this case, p = 0 and ¢ €
{ £ 1, +i} because of [p| < 2. Hence, we have 22 + pz +
q =12+ q.1f ¢ = £1, then 22 + ¢ is reducible in Q({y).
If ¢ = %4, then the roots of z2 + ¢ are &+/=£i. However, it
can be directly verified that in this case, p? € { + 1, iz’}
is an algebraic norm of Q({y, £v/£17) over Q((y).
The aforementioned discussion leads to a common conclusion
that inequality (18) cannot hold. This completes the proof of
Theorem 5. O

Theorem 6: X | Q((3), 7p+\/2p274q7 7])7\/;274(17(12 is

the optimal full-rate Eisenstein quadratic space-time block code
with minimal determinant 1, where p = —1 — (g and ¢ = /3i.

Before proving Theorem 6, we first develop the following
Proposition.

Proposition 2: The complex number (g is not a norm of any
element of Q((3, ay) over Q((3), where a = —2HVP =% V2p2_4q with
p=—1—C(gand g = \/3i. [ ]

Proof: We first prove that if there exist x = x1 +x2a7 and
Yy = y1 + yaay with z, yp € Z[(3] for k = 1,2 such that

N@(,00)/@¢) (%) = 6Ng(es,a1)/Qc) (¥) 2D

then we must have x = y = 0. From the definition of the relative
norm, we have

NQ(¢a,a1)/@(¢) (T) = (1 + 3201) (71 + T2002)
:x% — pr1T2 + qx%
=22 + (14 C)zyaa + V3izd (22)

and
Na(¢s,a1)/@c) (¥) = (1 + y2a1) (Y1 + y202)

=yi — py1ys + qu3
=y + (14 G)yiye + V3iys. (23)

Now, substituting (22) and (23) into (21) yields

23 + (L + Co)rrma — G {5 + (L + Co)yrye}

= V3i(Ceys —x3).  (24)

On the other hand, notice that \/3Z[(¢] is an ideal of ring Z[(g].

Therefore, there exists an integer [y such that the elements zy,
and y, in Z[(3] can be represented by

lo lO
Tk = Zﬂik,z(\/gi)l_l7 Yk = Zyk,z(\/gi)l_l 25)
=1 =1
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with zp 1, Yk € S = {0,exp(i2m7r/6),m =1,... ,6}. Plug-
ging (25) into (24) results in

97%,1 + (1 +Go)w1122,1 — (o (y%1 + (L4 ¢6)y1,192,1)

=V3i(Coys — 23) — \/51'(2;51,1@171

+ (1 + CG)(LZ’Ll:EQ + xlylfz’l) + \/57::77%1)

+V/3ice (2y1,1911 + (1 + G6)(Fr1y2 + y1,192,1)

+V3igi ) (26)
where Zp, = S, m(V3)'"2 and gr, =
25022 yk.1(V/3i)!72. The term on the right-hand side of

(26) belongs to \/giZ[Cg], so does the term on the left-hand
side of (26), i.e.,

i1+ (1 + Ge)zriwan — o {yia + (L4 Co)yrayan )
€ V3iZ[(s).
(27)

After checking (27) for each =, 1, yx,1 € S, we find that (27) is
true only when x1,1 = y1,1 = 0. In this case, (26) is reduced to

w51+ (L4 (o)waami — Co(yaa + (14 Co)yz,1v1,2)
= V3i(Geti 1 — 1 1) — V3i(222,1 %21

+ (1 + (o) (T2,171,1 + 2,171 2) + ﬁlf%1)
+V3i(2y2192.1 + (1+ Co) (P2,101,1 + ¥2,171.2)

+ Vi) e8)

ie.,

a5 1+ (1+ Co)zaimr,e — o {y3a + (L4 Co)y2,1y1,2}
€ Z[(3]
(29)

where T2 = Ziozz Qik’l(\/gi)l_g and Yk,2 =
Zf(’zz yr1(V3i)!72.  Similarly, by testing (29) with
each £12,%21,91,2,¥2,1 € S, we realize that (29) is true only
when z3 1 = y»1 = 0. Continue this process until z = y = 0.
This completes the proof of Proposition 2. O

Proof of Theorem 6: Similar to the proof of Theorem 5, it
suffices to prove that for any quadratic polynomial 22 + pz + ¢
with p, q € Z[(3], |p| < 2, and any p? € Z[(3], such that

| det(G)pl = v/ = Agllol < /(1 + ) — 4v/3i]  (30)

we have that X (Q((3), 01, 32, p) is not a full-rate space-time

code with minimal determinant 1, where 31 = —ptyp i V2p2_44,
Py A "27)2_4(1 are roots of 22 + pz + ¢, and
A 1 B
G = . 31
[1 ﬂJ G1)
Since | < 2 we have

p € {0,exp(i2kn/6),V/3iexp(i2kn/6),k = 1,...,6}. In
addition, (30) implies that
Ip* —4q| € {0,1,V/3,2,]2+ C6],3,2/1 + Cel,

134 ol, 134266} (32)
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However, from the proof of Theorem 3, it is evident that when
Ip? — 4q] < |¢3 + 4] = |3 + (6|, the polynomial 2% + pz +
g becomes reducible in field Q((3). Hence, we need to only
consider the case

Ip* — 4q] € {13+ G|, |3 + 2461} (33)
Now, let us discuss each individual case.
D [p2 — 44| = 3 + (|- Since

p € {07 exp(i2km /6),V/3iexp(i2kT [6),k = 1,..., 6},
the condition |p? — 4q| = |3 + (s| implies that

q) € {(GeCh, —¢5). (2 Go) ¢,
—GeCh), k=1,...,6}. (34)

If |p?| > 1, then we have |p?| > V/3, since p? € Z[(3]. In
this case, we attain [p%(3 + (g)| > 6.24 > |(1 + ()% —
4+/3i|. Therefore, inequality (30) implies that |p| = 1. It
can be directly verified that p? € { exp( i2ki7r /6)

1./....6} is an algebraic norm of Q((3 Pi" 4q)
Q(¢3) with p and ¢ belonging to the set glven 1n (34).
2) |p? —4q| = |3+ 2(g|. In fact, it is impossible to have p and
q in Z[(3] with |p| < 2 such that |p? — 4q| = |3 + 2]
The above discussion completes the proof of Theorem 6. [

over

Gaussian
codes,

Theorem 7:
and Eisenstein

Among all the two-layer
quadratic  space-time  block

X | Q(¢), _p+\/2p> m— _1,_\/2,,' e

is the optimal

full-rate quadratic space-time block code with minimal
determinant 1 in terms of the diversity product criterion, where
p=—-1-C(q=V3i
Proof: To prove this
we only need to compare

theorem, by Lemma 1,
the diversity product of

the optimal two-layer Gaussian quadratic ~ space-time
block  code X(Q(Q) =isV3 ZitV3 \/1—1—2) de-
signed by Theorem 5 w1th that of the optimal

two-layer FEisenstein quadratic space-time block code

X (Q(Gy), Lot VOFDT 18 1hGt /OGP0 (.

designed by Theorem 6. Since the minimal determinants of
both codes are 1, by Lemma 1 we only need to compare
the determinants of their generating matrices. On one
hand, the determinant of the generating matrix of the code

X <Q(C3)7 1+<6+\/(1;Lcs)2—4\/§7:7 1+<5+\/(1;<s)2—4\/§117<12>

is given by

| det(Gopthisenstein> det<AC3 )2

= |¢E2((1 + C6)? — 4V/3i) det(Ag, )|
3
= (14 ¢6)* — 4v/3i)| ] < 3.44
where det(A¢,) = @ On the other hand, the
determinant of the generating matrix of the code
X (Q(Q;) —i—v3, ’”‘/_ V4 —l—zg> is given by

| det(Gopt—Gaussian) det(AC4 )2|
= |(1+4)3det(Ag,)?| = 3v2 > 4.24
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where det(A¢, ) = 1. Therefore, we have

| det(Gopt—Gaussian) det(AC4 )2
> | det(Gopt—Eisenstein) det(Aﬁs )2

and thus, the code X <Q( 3), _1’+\/p2 4q —p—\/P2—4‘1 .G 2)

with p = -1 — (g, q V/3i is the optimal among all
the two-layer Gaussian and Eisenstein full-rate quadratic
space-time block codes. This completes the proof of Theorem
7. O

The following two comments on Theorems 5 and 6 are in

order.
1) Since | p+‘/p74q|7éland| vp_74q|7ré1thecode
X (@), Y, ZEE ) given in The
orem 6 is not a cyclotomic code. However it was proven

in [20] that the code X (Q(@) —ioV3 _”"/_ V14 1,)
in Theorem 5 is the optimal cyclotomlc space-time
block code. In addition, Theorem 7 shows us that the
cyclotomic space-time block code does not enable the
optimality of the quadratic space-time block codes.
In addition, in the optimal cyclotomic space-time

X (Q(e). =5, =48 VI,

lpl = V1414 > 1, the average power in different layers
is different. However, in the optimal quadratic space-time

block code X [ Q((3), _p+\/2p2_4q, —p—\/2p2—4q7<,12 ,

since |p| = |(12| = 1, the average power in different layers
is the same, thus resulting in a low peak-to-average power
ratio.

2) The golden code proposed in [19] is another space-time
block code for two-transmitter antennas with full rate,
high diversity product, nonvanishing minimal determi-
nant, and the same average power at different layers. In
addition, the minimal determinant of the golden code
is dmin(golden code) = 1 and the determinant of the
generating matrix of the golden code is

code since

| det(Ggolden) det(A¢, )?| = 5 > 3.44
> | det(Gopthisenstein) det(ACS )2|(35)

Therefore, in terms of the diversity product criterion, the
optimal full-rate quadratic space-time block code is better
than the golden code.

V. SIMULATION RESULTS

In this section, we perform computer simulations and
examine the error performance of the optimal quadratic
space-time block code proposed in this paper and the golden
code [19] for a 2-by-2 MIMO system with flat Rayleigh
fading. The codewords used are the Golden space-time code
proposed in [19] and the optimal quadratic space-time code

X (Q«g), St e

3 12) withp = —1 — (g,

q = /3i proposed in this paper. The transmission bit rate of the
codes in this simulation is 3 bits per Hz, per channel use, i.e.,
26 codewords are used. These 2° codewords are chosen based
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Fig. 1. Error performance comparison of the optimal quadratic space-time
block code and the golden code.

on the diversity product criterion proposed in [20] or Lemma 1.
The simulation result shows that the codeword error rate of the
optimal quadratic space-time block code is superior to that of
the golden code with about 0.5 dB gain. The reason is that the
diversity product of optimal quadratic space-time block code is
larger than that of the golden code, which is explained by (35).

VI. CONCLUSION

In this paper, we have considered the systemic design of
nonvanishing determinant space-time block codes for the two-
transmitter antennas. A novel coding scheme has been proposed
based on quadratic field extensions. Using the diversity product
as a design criterion, we have attained the optimal space-time
block code and shown that the diversity product of the optimal
quadratic space-time block code is larger than the best-known
full-rate space-time block codes such as the golden and optimal
cyclotomic space-time block codes for the two-transmitter an-
tennas. In addition, like the golden space-time block code, the
optimal full-rate (two layers) quadratic space-time block code
has the property that the average powers at different layers are
the same, therefore, resulting in a low peak-to-average power
ratio. However, we must point out that a major difference be-
tween the proposed optimal quadratic space-time block code
and the golden code is that the golden code is unitary and, thus,
information lossless.
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