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This paper provides statistical analysis for efficient detection of signal components when
missing data samples are present. This analysis is important for both the areas of L-
statistics and compressive sensing. In both cases, few samples are available due to either
noisy sample elimination or random undersampling signal strategies. The analysis enables
the determination of the sufficient number of observation and as such the minimum
number of missing samples which still allow proper signal detection. Both single
component and multicomponent signals are considered. The results are verified by
computer simulations using different component frequencies and under various
missing-available samples scenarios.

© 2013 Elsevier B.V. All rights reserved.

1. Introduction

Robust transforms have been introduced to deal with
signals affected by impulsive noise [1-18]. These trans-
forms, which use robust statistics and Huber's estimation
theory, were originally applied to the Fourier transform
and then extended to the time-frequency analysis [1,2].
One of the most effective robust methods is the
L-estimation form, obtained by using the L-statistics. The
main idea is to remove samples corrupted by impulsive
noise (by using trimming procedure) and to compute
the transform using the remaining incomplete set of
samples. Thus, the L-estimation can lead to significantly
reduced number of signal samples or observations. Having
in mind random positions of these observations, the
problem can be cast as compressive sensing (CS) if the
underlying signal is sparse in a particular domain. In this
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respect the task becomes sparse signal reconstruction with
a large number of missing samples [7-17]. Although there
are numerous papers on the L-estimation, the appropriate
number of samples that should be omitted remained
unclear [2]. As a consequence, we might end up throwing
much more samples than needed to ensure noise elimina-
tion. The missing samples effect as a source of generation
of undesirable sidelobes in the spectral analysis of non-
uniformly sampled data sequences has been considered in
[19]. In this paper, analysis of the effects of missing samples
on transform values is performed from a noise perspective.
It is shown that the missing samples, when using the
discrete Fourier transform (DFT), could be described by a
new type of noise which deteriorates signal representation
[20]. Increasing the number of missing samples increases
the corresponding noise level, rendering signal component
detection more difficult. The expression which relates the
number of missing samples to the statistics of this noise is
derived. This relation is also crucial for the analysis of the
initial steps (transforms) in the sparse signal reconstruction
algorithms [7-13].
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The paper is structured as follows. After Introduction,
the variance of induced noise, generated by missing
samples, is derived. This analysis is further extended to
general sparse signals. Theoretical results are illustrated by
numerical examples.

2. Theory

Both the L-estimation based robust signal analysis and
the CS deal with an incomplete set of randomly selected
samples. Unlike in the L-estimation where the reduced
observations are the consequence of omitting corrupted
noisy samples, in the CS the missing observations are the
result of the sampling strategy. In both cases, the signal
is assumed sparse in the transformation domain.

Consider a set of M signal values:

0 =1{s(1),s(2),...,s(M)}.

Without loss of generality, assume that the signal samples
are zero-mean. Furthermore, consider the DFT domain, as
an example of a sparse signal transform and a study case in
this paper. A signal which is sparse in the DFT domain can
be written as

K )

sy= ¥ Aean/M, (1)
i=1

where the level of sparsity is K <M, while A; and k;

denote amplitudes and frequencies of the signal compo-

nents, respectively. The DFT of this signal is

M K ) M K

Sky= 3 3 Aed2rkkion/M _ 3 S o). )
n=1i=1 n=1i=1

Normalized signal components exp(j2znkoy;/M) are multi-

plied by the basis function exp(—j2znk/M) to produce

x(n) = exp(—j2znl;/M), where [; = k—ko; is assumed to be

an integer. Values of x(n) are from the set

@ ={e MM 1n—-1,2,... M. 3)

Note that k#kq; implies [;#0.
Relation among the members of set @ is

x(1) +x(2) + -+ +x(M) = 0. 4)

This is evident for any [;#0. Cases when ;=0 will be
analyzed separately.

Consider a subset of M,<M randomly positioned avail-
able samples from &:

¥ ={y(1),y2),....y(Ma)}cP.

This set corresponds to a compressed signal. The same
holds after applying the L-statistics to x(n) to remove the
corrupted samples. In both cases, Mo =M-M, signal
samples are unavailable though for different reasons.

In linear discrete signal transforms, where the inner
products are performed between the signal values and
the basis functions, omitting some of the signal samples
produces the same result as if these samples assume
zero values. Thus, the basic idea is to model missing
samples with zero values, since any sum over all values
in the subset ¥ = {y(1),y(2),...,y(My4)} will be the same
as the sum over all values within the complete set

@ = {x(1),x(2), ...,x(M)} with removed/unavailable sam-
ples, belonging to ¥ = ®—¥, being set to zero.

A transform with a reduced number of signal samples
can be considered as transform of complete set of samples,
affected by disturbance (noise). For K=1 and A; =1,
ko] = ko, = k*ko,

for remaining signal samples

e(m) = { —x(n) = —el2™/N  for removed (unavailable) signal samples.

The DFT over the available set of samples from ¥ will be
M, M
X(k)=X;= Z] ymn) = Z][X(n) + e()].
n= n=

It is a random variable formed as a sum of M, randomly
positioned samples

ynme¥cd = {x(1),x(2),...,x(M)}.

In our example, this random variable corresponds to the
DFT of a CS signal or to the L-estimation based DFT
calculation. Samples x(n) depend on k. The same holds
for y(n). Note that due to (4), the statistics is the same for
the sum of complementary samples (disturbance e(n))
from the set ¥'=®—¥ containing My =M—M, missing
values.
Obviously, for [0,

E{Xiz0} =0
since E{y(n)} =0 and E{x(m)} = 0. For [=0 (k =kg)
E{Xi—o} =My
holds, since for this value of I all x(n) = 1. Thus, X is a zero
mean random variable for [#0 and deterministic for [=0.
Therefore, removing/omitting samples in the L-estimation
or in the initial transform of the CS algorithm corresponds
to a new additive noise. The resulting noise depends on
the signal, the total number of samples, and the number of
missing samples.

Let us now calculate the variance of this noise in X; for
0. It is defined by

var{X} = E{y(1) + y(2) + - + YMaIY(1D) + y(2) + - + y(Ma)I}
=E{ly()*} + E{ly2)1*} + - + E{ly(Ma)*}
+E{Y(DY*(2)} + EQy(L)y*(3)} + - + E(y(1)y*(Ma)}
+E{yQ)y*(D} + E(yR)y*(3)} + - + E(y(2)y* (M)}

+E{y(Ma)y*(1)} + Ely(Ma)y*(2)}

++ + E{y(Ma)y*(Ma—1)} (5)
Obviously,
E(ly(D)?} + E(y2)1?} + - + E{[y(Ma)[2} = M.

According to the assumption, all signal samples are not
statistically independent for [#0. They satisfy (4). By multi-
plying (4) with x(i) we obtain

XD[X(1) + X(2) + - + X(M)]* =0
with expectation
M

zl E{x(i)x*(j)} = 0. (6)

j=
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Since all variables x(n) are equally distributed we may write

E{x()x*()} =B for i#j,
E{x(hx*()} =1.

From (6) we obtain

s N 1 .
B=EXOx*()} =Ey@y* () = — 37— for i#.

Now we can easily calculate terms in (5), for example, the first
line (with mixed terms) produces

E{y(Dy*(2)} + Ey(1)y*(3)} + -
" . _ _ 1
HEYY M) = Ma=1) (7).
The same result holds for all other lines with mixed terms in
(5). Finally, the variance of X;, for [0, is

M—M,
M-1 -

1
variXiso) = Ma + (M=)~ 7 | Ma = My )
For My <M a rough approximation var{X.o}~M, fol-
lows. It corresponds to the assumption of statistically
independent values x(n).

3. Amplitude analysis of the signal and CS noise
in the DFT

It is easy to find the ratio of the DFT value at the signal
position [=0 and the DFT value at any other position [#0.
This ratio may be used as a measure of the wrong signal
detection event. The DFT value at the signal position is
X;_ o= M, since all terms are added in phase for the signal
component. Variable X, is complex-valued, zero-mean,
with variance (7). If the number of missing or available
samples is not too small, then according to the central
limit theorem the real and imaginary parts of variable X,
behave as Gaussian variables with variance

M—Mj,
2 2 Maty /2
Absolute value of X is therefore Rayleigh distributed. In

the Rayleigh distribution, a random variable |X;.,| is below
Tgs = /3¢ with probability 0.9508. Thus, the ratio

o?  var{Xio)

X[;éo < «/go' _ 3(M_MA)=R95 (8)
Xi—o|  Ma Mp(M—1)

holds with probability 0.95. For example, for M=256 and
M, = 32, the value of |X|| is greater than 0.27|X; _ o| with
probability 5%. Threshold for any other probability can be
easily calculated.

This ratio can be used to find the range of M, that
the initial CS and the L-estimate algorithm will be able
to detect signal component. It is especially important
in multicomponent signal cases, whose detailed analysis
follows. Then, all components, for a given My = M—M4,
below the noise level will be lost in the DFT. The ratio Rgs
as a function of Mg is presented in Fig. 1. For small number
of missing samples Mg (large number of available samples
M,), this ratio is very small. It means that the values X,
caused by missing samples, are very small compared to the
signal value X;_(. On the other side, just a few available
samples My = M—Mj are enough to make this ratio lower
than 1 and as such enable detection of a sinusoid in one-
component signal. This is in accordance with the fact
that a real sinusoidal signal is determined by only three
independent signal samples [21].

Before we proceed with multicomponent signals, the
theoretical results from this section are statistically
verified. Two quantities are calculated and checked. The
variance is calculated according to relation (7) for various
M and M,. Then, the statistical results are obtained for the
same variance and various M and M, based on 100 000
realizations with randomly positioned samples. The results
for variance produced by the theory are given in Table 1,
in the column denoted by Var(T). The statistical results for
the same variance are presented as Var(E) in the same
table. It is obvious that the results matching is very high.

The level Ros is also calculated using (8) for various M
and My. Then the DFT with removed/unavailable samples
is calculated. The DFT values at I#0 above Rgs|X;_g| are
detected and their percent (with respect to the total
number of DFT value) is calculated. It should be just below
5%. The statistically obtained percent for various M and M,
is given in the column denoted by Ps., of Table 1. Matching
with the true value (4.98%) is also high.

Casel: For M=128 samples and various numbers of
randomly positioned missing samples, the variance rela-
tion (7) and the level of 0.95 are calculated. The results are
given in Table 1 (left). Note that the variance values (Var)
for My > M/2 are the same as for M—Mj. This is obvious

10°
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20 40 60 80 100 120
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Fig. 1. The DFT amplitude ratio at the signal position and outside the signal position for M= 128 (left) and M=512 (right). The values of Rgs for M=512 and
Mg =256, 384, 448, and 496 are indicated by dashed red lines. (For interpretation of the references to color in this figure caption, the reader is referred to

the web version of this article.)
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from (7). It is statistically verified and presented in Table 1
(for Mg =M—-32=96 and My =M-16=112).

Case2: The same results are presented for M=512 and
Mg up to M/2. For My > M/2 the results are the same as for
M—Mj, Table 1 (right).

The illustration of the DFT for a single signal realization,
with various number of available samples, is presented in
Fig. 2. The reference level of Rgs|X;_ o, calculated accord-
ing to (8), is presented by a horizontal dashed line.
In multicomponent signals, a similar reference level will
play a role of a detection threshold. Note also that if the
noise-alone values of X(k) satisfy the condition that they
are approximately zero-mean Gaussian, then it can be
checked that they are also uncorrelated and approximately
jointly Gaussian for various values of k.

If a window is used in the DFT calculation, then for some
common window forms the windowed DFT values can be
easily related to the ones calculated without a window. For

Table 1

Statistical variance (denoted by (E)) with theory obtained one (denoted
by (T)) for M=128 (left) and M=512 (right) and various number of
missing samples. The probability level of 4.98%=~5% is statistically

example, for the Hann(ing) window over the whole data
set the windowed DFT is Xpy(k)=0.25X(k—1) + 0.5X(k)+
0.25X(k + 1). The variance of Xy(k) with the Hann(ing)
window is ¢% =352 /8. Similar relations can be written for
the Hamming or the Blackman window.

4. Multicomponent signal analysis

The analysis will be extended to a variable x(n)e®
of the form

x(n) =Aq exp(—j2znly /M) + A, exp(—j2znly /M)

+-o- + Ax exp(—j2znli /M),
corresponding to a K-component signal, defined by (1) and
(2), where l] = k*ko], lz = k*koz, ceny lK = k*kOK in the
study case of DFT analysis. Values of x(n) depend on k as
well. The mean value of a subset ¥ of My<M randomly
positioned values y(n)e¥?c® = {x(1),x(2), ..., x(M)} is
E{X)} = AiMad(lh) + AaMa(ly) + -+ + AcMad(li).
The DFT variance at the points where there are no signal
components (i.e., [{#0, L#0, ... [x#0) is

checked. K M—M
2 —IVIA
on=varX,.o} = ¥ AiMa M= ©)
Mg Ps,, Var(E) Var(T) Mq Psy, Var(E) Var(T) j=1 -
3 464 760 756 16 487 1555 1553 since the signal components - are uncorrelated zero-
16 481 1416 1411 32 480 2985 30.06 mean. At a frequency point of a signal component, for
24 476 19.64 19.65 48 490 4371 4359 l; =0, we get
32 479 2415 2419 64 495 5604 56.11
40 489 27.65 27.72 96 501 7829 7815 5 K 5 M-Mj
48 497 3026 3024 128 489 9596 9619 o5, =var{Xj - o} = _7;. AMa—r— (10)
56 491 3171 3174 160 501 11014 11022 j=l#
%‘:3(32) 1'33 ;ig ;ztfg ;gi jgf ggg gg;g for the DFT variance. It means that a DFT of the signal
112(16) 480 1419 1411 356 493 12769 12895 sample X; _o will be a random variable disturbed by an
additive noise so that the resulting variance is agl, while

8 : . . . : 16 : : . . .

7 14

61 MMM =8 12} M=M-M Q:16 ‘

5 | = g | 10

4 ‘ : 8

| \ f |
2 4
| | ! L
1 2 il
100 200 300 400 500 100 200 300 400 500
30 60

25 MA=M—M Q=32 :

20

10 - |— = - — QN

M

50F--M A:M-M Q:64 :

40

30

100 200 300 400 500

100 200 300 400 500

Fig. 2. Illustration of the DFT of one signal component for different number of available samples along with the calculated threshold level for 95% of
samples obtained by theory. Threshold level RysM, is plotted by a horizontal dashed line.
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the noise only DFT values will be random variables with
variance ¢%.

Next, we will find a probability that a DFT value of noise
at any l;#0, ,#0, ... lg#0 is higher than a signal DFT value,
for example, at 11#0, ..., [i_1#0, [;=0, l;1#0,..., Ix#0.
This case corresponds to a false signal detection of the
ith component.

Real and imaginary parts of noise-alone DFT value can
be described by Gaussian distribution, according to the
central limit theorem:

N(,6%/2)

with zero mean and variance o% defined by (9). Real and
imaginary parts of the signal DFT value can be described
by Gaussian distribution

N(MpAi, 0% /2),  N(0,0% /2), 11

respectively, where MA; is the mean and variance ai
is defined by (10). A real-valued A; is assumed without any
loss of generality.

The probability density function (pdf) for the absolute
DFT values at the position of the ith signal component,
l; =0 (whose real and imaginary parts are described by
(11)) is Rice-distributed:

28 @ +AM/o
2
GS_

i

2
P& = o (AMa2¢/03 ), £20 (12)
where I, is the zero-order modified Bessel function.
The probability density function for the absolute
DFT values outside the signal components is Rayleigh-
distributed (Rice-distribution with A;M4 =0 and Ip(0)=1)

qé) = z—fe*fz/”ﬁ, 0.

oN
The DFT at a noise-alone position takes a value greater
than £, with probability

<2 2 2 =2
Q(E):/: ﬂ—fe** /"ng:exp<—d—2). (13)

N N

The probability that a DFT of noise-alone is lower than =
is [1-Q(&)]. The total number of noise-alone points is
Mg = M—K, where K is the number of signal points. The
probability that My independent DFT noise-alone values
are lower than = is [1-Q(Z)]"«. Probability that at least
one of My DFT noise-alone values is greater than = is

G(E)=1-[1-QE)*. (14)

When a noise-alone DFT value surpasses the DFT signal
value, then an error in the considered methods occurs.
To calculate this probability, consider the absolute DFT
value of a signal component at and around & The DFT
value at the signal position is within & and & + d¢ with the
probability p(é&)dé , where p(¢) is defined by (12). The
probability that at least one of My DFT noise-alone values
is above ¢ in amplitude is G(&) = 1—-[1-Q(&)IMx. Thus, the
probability that the absolute DFT signal component value
is within & and & + d¢ and that at least one of the absolute
DFT noise-alone values outside the DFT signal value
exceeds the DFT signal value is G(é)p(¢)dé. Considering all
possible values of &, from (13) and (14), it follows that the
probability of the wrong detection of the ith signal

component is

Py = /0 (@) de

© & B 28 (@+AM})/c?
=/ 1-|1-exp| -5 —e AT
0 N 5,

x(AiM2¢ /03 ) dé. (15)

4.1. Approximative error expression

Approximation of this expression can be calculated by
assuming that the DFT of the ith signal component is not
random and that it is equal to MA; (positioned at the
mean value of the signals DFT). This approximation
assumes that the influence of noise to amplitude is
symmetric and equally increases and decreases the DFT
signal value. The form of error probability is then very
simple

2.2\ 1Mk
Pp=1— [l—exp (— M—A;q"ﬂ . (16)
ON

This expression can be used for simple rough approxima-
tive analysis.

The mean of a Rice-distributed variable described by
(12)is

Mgice = 05,3/7l1 2(—MZAT /03 /22MaA,

where Ly /5(x) =e2[(1-x)Io(—x/2)—xI1(—x/2)], and I;(x) is
the modified first-order Bessel function. The variance of
the Rice-distributed variable is

Vargice = ai + M/2\A12 7M2Ric950§i :

From numerical analysis, we concluded that a closer
approximation than (16) is achieved if the Rice distribution
mean is slightly corrected, for one standard deviation, as
Mpice—+/VaTgice. The explanation lies in the fact that the DFT
amplitudes lower than the mean value contribute more to
the error than those above the mean value. Then,

[ ( (MAAi—O“s.)2>]MK
Pp=l—|1—exp| —————5—"— . 17)

oN

It will be shown that this simple expression is a good
approximation. It predicts almost exactly 1% error level as
the very complex integral form in (15). The variances
oy and o3 are defined by (9) and (10). Note that as far as
M is large and the signal is sparse (K < M) the exponent in
(16) and (17) is large. Then, the exponent variations from
M—K to M will have small influence to the expression
value. Thus, for M and K satisfying the above conditions we
may use M instead of My in the approximative error
expressions.

The approximations will be checked on an example
with a sparse signal. Probabilities of detection error for
a four component signal of amplitudes A; =1, A, =0.5,
A3 =0.25, and A4 =0.1 are shown in Fig. 3. Probabilities
are calculated for each signal component, according to (15)
and (17). Results obtained by the exact integral (15) are
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Fig. 3. Probability that a component will not be detected in a four components signal as a function of the number of available samples M, (full lines
approximative expression and dashed line exact integral expression for the error). Thick line is the 1% error probability line.

shown by a dashed line, while the ones calculated using
the simple approximation (17) are given by a solid line.
We can see that the strongest component is detectable
with a very small number of available samples, as
expected. The number of required available samples
increases as the amplitude of a component decreases. A
level of error probability of 1% is presented by a thick
horizontal line in this figure. Both results are highly
consistent at this important level, which defines the
number of samples required to detect a component with
99% probability.

Now we will discuss the results on a single realization
of the considered sparse signal, for M=512 and various
number of available samples, Fig. 4.

Based on the theoretically calculated level, it is easy to
conclude that: (1) The strongest signal component with
A; =1 will be detectable with a quite small number of
random samples. From Fig. 3 (M=512, upper subplot) we
see that M, > 15 random samples are sufficient. (2) From
the same figure we see that the next component with
A, = 0.5 will be detected with M, > 75. (3) The component

with A3 =0.25, in this case, requires M, > 220 random
samples, while (4) for the weakest component with
A4 =0.1 we need M, > 420 samples in order to detect it.
This is in accordance with the single DFT realization shown
in Fig. 4 for different number of the available samples M,.
For the first two subplots (M4 =16 and M, = 32) only the
strongest component is detectable in the L-estimation
or in the initial transform in the CS. For M, =128 two
components are detected in this stage, while M, =384
clearly indicates existence of three components in the
analyzed signal with missing My = M—M, = 128 samples.
The 5% level is defined by the threshold Tgs = /30y with
o2 =A2Ms(M—M,)/(M—1). The effective signal value A,
can be estimated using M, available signal samples s(n)
as A% = >k 1A? = Fals(m)? /My In addition to the 5% level
here we have also drawn the 0.1% level, calculated using
Tg99 =1.5Tgs.

The results presented in this paper can be used to
improve performance and to reduce calculation complex-
ity of the standard CS algorithms. Research in this direc-
tion is under the way. Recently, significant efforts have



L. Stankovic et al. / Signal Processing 94 (2014) 401-408

15
MEl6 ) R

10

> ’I ' ! '

100 200 300 400 500

120 f
100 |- -M, =128

80

300 400 500

100 200

300 M, =384

200

100 f : :
100 200 300 400 500

407

30
25 MA:32

20 :
0.1% level
15 :

200 300 400 500

250 F
200 MA:256
150 f
100 |
50 F
100 200 300 400 500
500 F
400 | MA:512
300
200
100 |
|
100 200 300 400 500

Fig. 4. Illustration of four component signal for different number of available samples, along with the threshold calculated by theory. Detection threshold
Tos for 5% level is presented by a dash line, while the threshold Tgg for 0.1% level is given by a dash-dot line.

been done to extend the notion of sparsity and to apply
the CS algorithms to the signals that are not sparse in any
common discrete transformation domain. Such an exam-
ple is the spectral analysis of close sinusoids with frequen-
cies outside the frequency grid. They are not sparse in the
DFT, but could be processed using a combination of the
spectral domain interpolation (to improve sparsity) and
the high-resolution methods, like the MUSIC with the CS
algorithms [22]. Extension of the presented theory beyond
the standard sparse signals framework to the results that
could be obtained by combinations of several methods and
algorithms is a significant challenge for future research.

5. Conclusion

We provided analysis for the determination of the
number of missing samples allowed for accurate detection
of sinusoidal signals. This analysis proves useful when
applying L-statistics and when using sparse signal recon-
struction techniques with Fourier basis. The latter is clearly
the case in orthogonal matching pursuit. The analytical
expressions derived are validated by computer simulations
for a single and multiple components and under different
numbers of missing and available samples. The proposed
approach can be generalized for all existing L-estimate
based signal transforms and L-estimation based time-
frequency distributions.
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